INTRODUCTION
Theories for rigid or elastic multibody systems have considerably influenced progress in mechanical engineering. Within the past few years, robot and teleoperator systems utilizing mechanical manipulators have gained wide spread acceptance in the area of manufacturing, especially with regard to parts handling and assembly. Manipulators are being used as orthopedic and orthotic devices. In environments where radio-active materials are present, master-slave manipulator systems are now a standard tool for safely handling dangerous materials. Even the space shuttle craft is equipped with manipulators for use in parts handling in outer space.
The development of the advance robot technology involves various research activity within which the applications of modem control methodology and knowledge based intelligent control approaches playa major role. Both linear and nonlinear controllers were constructed and different kinds of strategies were implemented for vibration control of systems with flexible elements (Lim and Hiyama, 1991) Adaptive control algorithms and on-line parameter identification techniques have been common features of the last generation controllers.
Crespo da Silva and Glynn (1978, 1979 ) studied the planar and nonplanar oscillations of a cantilever beam subjected to a planar periodic excitation. The stability of out-of-plane motion was performed taking into account damping and geometric nonlinearities in the differential equations of motion. Cannon and Schmitz (1984) considered an elastic arm, modeled as a pinnedfree beam, attached to a hub. The objective of their work was to carry out experiments designed to determine the necessary control torque applied at the base of the link using only the tip position measurement. A more complex system was analyzed by Berbyuk (1984) . His work was related to the problem of controlling the plane rotational motions of two rigid bodies connected by an elastic rod. Nathan and Singh (1991) treated the problem of controlling an elastic arm of two links based on variable structure system theory and pole assignment technique for stabilization. This design approach was motivated by a simple observation that the nonlinearity in the dynamics of an elastic robotics system is essentially due to the rigid modes (joint angles), and, as the time derivatives of the rigid modes vanish, the remaining motion is only due to the elasticity. For the rigid modes a sliding controller was designed. The controller of the elastic modes was constructed using the pole assignment technique. A similar technique is used by Singh et al. (1994) to control a flexible/rigid link robot using sliding-mode and a shaped-input controllers. The first controller was used to control the rigid body, while the second one served to control the flexible motion. Comparative to the two works above mentioned, the model of the flexible link studied in this paper was improved by considering the axial deformation of the elastic beam. The impact with external bodies of rigid surfaces was also studied. The same sliding mode control strategy was used, but a decoupling controller was designed in order to decouple the global system into several independent equations. Boghiu et al. (1998) studied the flap motion control of a rotating flexible beam with a parametrically excited base. A linear controller, based on Lyapunov-Floquet transformation was constructed to suppress both the deflection angle and the elastic vibrations of the beam. The controller design was based on the idea suggested by Sinha and Joseph (1994) . Silverman (1969) studied the control strategy using inversion of multivariable linear system. A new algorithm for constructing an inverse of a multivariable linear dynamical system was developed. This algorithm, which is considerably more efficient than previous methods, also incorporated a relatively simple criterion for determining if the inverse system exists.
Ivanescu and Stoian (1996) used a similar strategy to study the control of a tentacle arm using a sequential variable structure controller.
The control concepts involving the use of adaptive plant inverses as controllers in feedforward configurations was studied by Widrwow and Walach (1995) . The inverse model of the system becomes the controller for the plant.
The impact is a prominent phenomenon in mechanical system such as robotics systems, walking machines, space structures, etc. A special attention was given to the analysis of elastic links that impact rigid surfaces or rigid bodies. Yigit et al. (1990) verified the validity of using the algebraic generalized impulse momentum equations of a radially rotating beam transversely impacting an external surface. The authors concluded that the momentum balance method and an empirical coefficient of restitution can be used with confidence in the impact of radially rotating beam.
Tanaka and Kikushima (1992) studied the impact vibration control using a semi-active damper, driven by releasing a damper mass from an initial displacement.
In this work the control of a parametrically excited impacted link using a sliding mode controller and the inverse system strategy was studied. An elastic beam was attached to a rigid base which has a parametric excitation. The equations of motion have periodic coefficients. The problem of collision with external objects and surfaces which arise in the study of stability and control of walking machines and pick-and-place problems of robot manipulators is studied. A decoupled controller using sliding mode strategy is proposed. The global system is decoupled into several independent components. The inverse system model is used as an actuator for the original system. Finally, several concluding remarks are presented. , avoiding large values of the angle ;. The spring and the damper are designed such that, after each impact between the two links, the angle; goes rapidly to zero, before a new impact occurs.
Two reference frames are considered: a "fixed" reference frame (N), of unit vectors i,j and k, whose origin is at 0, and a rotating reference frame (R), of unit vectors m l , m 2 and m J , with the origin at 0 and attached to the rigid link 00]"
Let P be a current point on the elastic beam, and let sand y be the longitudinal and transversal defections of the point P from its undeformed position Po (Figure 1 ). The distance from the end A of the base Po is x. The position vector of the point P is computed as follows.
The transverse deflection y of the beam is computed as (Marghitu and Hurmuzlu, 1996) 
where q/t) are the generalized elastic coordinates, and a n E N is the total number of vibrational modes (N is the set of natural numbers). The functions 'PI/X) are chosen as the mode shapes of a cantilever beam and are defined by the expression.
and A,{i=I,...,n) are the first nIh consecutive roots of the transcendental equation.
The stretch in the beam is computed as
where the functions 'Pz/x) are defined by the expression
The additional degree of freedom of the flexible link is due to the rotation ¢(t) of the base.
The velocity of the point P, in the fixed reference frame (N), is computed with the expression "ds
where the first term of the right hand side represents the derivative with respect to time in the moving reference frame (R), and .Q=-Qk.
The total kinetic energy of the system is PiL K=-v·v dx
The total potential energy of the system is computed as 24 (9)
Using Lagrange's method the nonlinear equations are derived. A three mode approximation (n=3) is considered. The nonlinear equations of motion are linearized around the null equilibrium position ¢ = q) = qz = q3 =0. The matriceal form of the linearized equations of motion is M x(t)+Cx(t)+[K+V(t)]x(t)=du(t), (11) where x(t)=[ ¢, ql' 'l» q3Y is the vector of generalized cooridinates, and u(t) is the control torque applied at the base of the elastic beam. The mass matrix M, the damping matrix C, the constant part K and the time varying part V(t) of the stiffness matrix, and the input vector d are defined in Appendix I.
In the case of impact with a rotating rigid link (case b) the equation of motion for the impacted link is as follows (12) The equations of impulsive motion are determined following the procedure described by Marghitu and Hurmuzlu (1995) . A basic assumption is that the configuration of the bodies in held constant in the analysis of the collision process, with no significant change in mass and moments of inertia i. The friction during impact was neglected. Let v be the vector of generalized speeds for the flexible link, defined as: (15) An integrated form of the differential equations is
where Q j are the generalized impulsive forces during impact. Equation (16) establishes a relationship between the time derivative of the generalized vector v and the contact force Fe' which leads to the matrix form:
Mv =D(X)F e , (17) where D(x) is a vector that depends on pre-impact positions At the impact moment gcan be expressed in terms of ¢, ql' qz and %. Let Vii and v; be the velocities of the elastic beam tip before and after impact, respectively. Let V c and v~be the velocities of the impacted body before and after impact, respectively, For the impact with rigid surface case V c = v~=0.
With these notations, one can write (18) where e is the coefficient of restitution. Solving the system of equations (17) and (18) the unknown velocities after impact (~, qt, q~, qt) are determined.
[:] should have poles and zeroes. If the plant is nonminimum-phase then some of the poles of the inverse will be in the right-hand s-plane. In general, not knowing whether the plant is minimum-phase or not, there is uncertainty about the feasibility of making a plant inverse. This uncertainty can be overcome, and excellent inverses can be made in practice by using appropriate adaptive inverse modeling techniques. Plants having transport delay and other characteristics that fall under the general description of nonminimum-phase cannot be made to respond instantly to sudden changes in the command input (Widrow and Walach, 1996) .
Lets consider xd(t), xd(t) and xd(t) the vectors which represent the desired position, velocity and acceleration of the free end of the flexible beam, and x(t), x(t) and x(t) the measured values.
The errors of this control system will be: where R is a (12x12) dimensional matrix which defines the control law and assures the decoupling of the system. The components of this matrix will be presented later on.
The new variations bx, bx, ox, generate a new trajectory:
which is used as a reference trajectory for the inverse system (S·I)
The equations which describe the direct and inverse system are
Subtracting equation (22) can be rewritten as:
The matrix R has the following form:
and it is selected such that:
The matrices Pi' R i are chosen to verify the relations:
where a =2, 3, ....
In order to assure the decoupling of the system of equations, the matrices D,
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SLIDING MODE CONTROL Band Z are chosen of the diagonal form as follows
Equation (24) 
The control law is defined by:
to assure the stable evolution of the system, where mi and Mi were defined as follows:
RESULTS
For the system shown in Figure 1 , a parametric excitation of amplitude L 1=0.002m and frequency w=lOrad/s is considered. The distance between the massless base (point 0 1 ) and the rotation centre 0 is computed with the expression: The equations of motion are integrated every 10,LL5. The control torque is generated every 0.5 ms. Zero initial conditions (at t=O s) are assumed for all the states of the system, except for the angle rp, where rp" 0=0.005 rad. In each figure, the horizontal axis represents the time t in seconds. Simulations are performed for both undamped and damped systems. During the simulations, it is noticed that the second and third elastic cooridinates (qz and q3 respectively) have very small values and only the first elastic coordinate q\ is represented. Figure 3 shows the case of the undamped uncontrolled system which impacts a rigid surface. The beam tip deflection Y t is shown in Figure 3 .a, while the angle q, is represented in Figure 3 .b. Figure 3 .c shows the elastic coordinates ql' and the Figure 3 .d shows the axial deflection of the elastic link. Because the system is uncontrolled, the elastic coordinate ql' as well as the angle q, are oscillatory, making the deflection Y 1 to be oscillatory. The amplitude of the oscillations increases after the impact. The undamped controlled system is shown in Figure 4 . The beam deflection Y t is represented in Figure 4 .a. Due to the control torque u the oscillations of the elastic beam vanish in less than 6 s, before a new impact occurs. The angle f/J is represented in Figure 4 .b, while the elastic coordinate ql is shown in Figure 4 .c. Figure 5 shows the damped uncontrolled system behaviour. The beam deflection is represented in Figure 5 .a. The magnitude of oscillations decreases in time because of the damping (c=O.5 Nms). Figure 5 .b shows the angle q" while the elastic coordinate ql is shown in Figure 5 .c. The stretch in the elastic beam at the end B is represented in Figure 5 .ĩ
.10" The damped controlled case is presented in Figure 6 . The evolution in time of the beam deflection Y t (Figure 6 .a), angle ¢ (Figure 6 .b) and elastic coordinate qt (Figure 6 .c) is the same with the undamped controlled case because the decoupled controller assures the independence of the system at the variation of the parameters except the frequency of the excitation. The control torque u is represented in Figure 6 .d. Due to the damping, the maximum value of the torque u=1.75 Nm, is less than the maximum value for the undamped case. A difference between the control torque of the undamped and damped case is noticed. Phase portrait of beam deflection Y t and angle ¢ for damped and undamped controlled system for the impact with the rigid surface. Figure 7 shows the phase portrait for both undamped and damped controlled system. Figure 7 .a shows the angle ¢ phase portrait, while Figure 7 .b shows the behaviour of the beam deflection Yr Because of the impact, the system leaves the zero steady system and evolves to the switching line. Under the control torque action, the system follows the switching line until the zero state is reached. The decoupling controller assures an identical evolution of the total beam deflection Y t , angle ¢ and elastic coordinate ql' for the undamped and damped controlled system.
The undamped uncontrolled system behaviour for the impact with a rotating rigid link case is presented in Figure 8 . The beam deflection y, is represented in Figure 8 respectively. The control torque u applied on the massless base of the flexible link is presented in Figure 9 .d. The evolution of the damped uncontrolled system is depicted in Figure 10 .
The beam deflection Y t is represented in Figure 1O .a. In this case the maximum value of the beam deflection is smaller than the undamped uncontrolled system case. Figure 1O .b. shows the evolution of the angle <p, while the elastic coordinate qt and the axial deflection sL are depicted in Figure 1O .c and Figure  1O .d, respectively. The behavior of the damped controlled system is present in Figure 11 . The evolution of the beam deflection (Figure 11 .a), angle <p (Figure 11.b) , and elastic coordinate (Figure 11 .c) is the same with the undamped controlled case. Figure 12 . Phase portrait of beam deflection Y t and angle <p for damped and undamped controlled system for the impact with the rotating rigid link. Figure 12 shows the phase portrait for the angle <p and beam deflection Y t for the controlled system in the case of impact with a rotating rigid link. The system evolves from zero state which characterised the system before the impact moment. Due to the impact with the rigid link a jump in the state of the system is noticed. After the impact the system evolves to the switching line and follows this line until the zero state is reached. An identical evolution of the total beam deflection Y t , angle <p and elastic coordinate qt in the undamped and damped controlled cases is also noticed.
TABLEt
The values of the coefficients involved in the equation of motion 5. CONCLUSIONS. The control of a parametrically excited rotating elastic beam is studied. The controller is designed using sliding mode strategy based on inverse model. Simulations of the uncontrolled and controlled system for two different situations were performed. In the uncontrolled case oscillations appear and do not vanish before a new impact occurs. For the controlled case, the elastic vibrations practically vanish after a short period of time and remain zero. The decoupling controller assures the independence of the controlled system to the damping variation. Due to its flexibility, the decoupled controller can be successfully applied to control variations that appear during motion. 
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